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Abstract

We study the classic agency model when the suitable ordering of risky prospects
is better represented by higher rather than first-order stochastic dominance. We
derive conditions on preferences under which if the effect of the agent’s effort corresponds to a Nth-order stochastic dominance improvement, the principal would
want a greater effort level provided by the agent than the one provided under the
second best sharing rule. Our characterization involves the inverses of the marginal
utilities and the ratios of their successive derivatives up to the N − 1 order. Finally,
we illustrate our findings for standard preferences used in financial economics.
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Introduction

Agency models have become a prominent tool to analyze a wide range of economic situations. These models were initially developed to study insurance markets (Borch, 1962;
Zeckhauser, 1970), in the economic analyses of incentives and authority within organizations (Mirrlees, 1976), and also in the study of financial markets (Jensen and Meckling,
1976; Myers, 1977 and Ross, 1977). But, as the academic community observed the usefulness of the approach, other sub-fields of economics soon began to incorporate agency
models into their analyses. Today, from accounting to labor relations, and from corporate
finance to macroeconomics, most economic specialties have included the principal-agent
perspective as part of their theoretical framework of analysis.
One key characteristic of agency problems is that the principal (the individual who offer
a contract) would always wants the agent (the individual who executes a task) to exert
more effort than the actual effort exerted in the second-best equilibrium (Hölmstrom,
1979). This is observed through a positive shadow price of the agent’s participation
constraint. The economic intuition of this result is based on the conditional probability
distribution of the output, which it is defined in a way that guarantee that “the greater
the effort exerted by the agent, the better the distribution of results turns out”. In
consequence, defining the changes in the conditional distribution of results when the
agent’s effort changes is a key element in the modeling agency problems.
In this paper we investigate how higher-order stochastic changes in the risky distribution
of results due to changes in the levels of agent’s effort, can be incorporated into traditional
agency problems. More specifically, we derive sufficient conditions that involve the inverse
functions of the marginal utility functions of the principal and the agent under which the
principal would like to see the agent to exert a higher level of effort than the one given
by the second best sharing rules. This method allows us to capture the mathematical
properties of these sufficient conditions and, at the same time, go beyond the traditional
(and limiting) case of first-order stochastic dominance (FOSD) shifts in the distribution
of results. We study the optimal contract when increases in agent’s efforts translate not
only into the usual FOSD shift, but also into stochastic changes of higher orders of the
conditional distribution of results. We exemplify our results and tests their robustness
using traditional utility functions from the financial economics literature.
In the last twenty years we have seen important developments in the economic theory
of risk, and in particular in the theory of higher-order risk analysis. Therefore, we believe
that incorporating these features into traditional applied economic models that have basic
risk structures, like the agency problem, is one way of enriching those models and to gain
important new insights of traditional applied economic problems.
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The standard way to think about the effects of agent’s effort on the distribution of
results is to consider a FOSD shifts. Under FOSD shifts, as long as the utility function
of an economic agent is increasing in wealth, if distribution A is always preferred over
distribution B, then distribution A fist-order stochastic dominates distribution B (see
Mas-Colell et al., 1995, page 195). The literature shows that FOSD is a universal assumption in agency problems, and this is the case because FOSD shifts is a natural and
intuitive way to think about better distributions of results.
But FOSD shifts are not the only way to represent better distributions of results.
When economic agents are highly risk averse and volatility is a major issue, second-order
stochastic dominance (SOSD) shifts may be more important for the principal in some
specific situations. For example, let us suppose that the principal is delegating to an
agent the management of a portfolio of new ventures. If the principal is about to retire
and therefore he is thinking in selling his portfolio of ventures in near future, he may want
his investments to be managed in a way that minimizes risk (or volatility) for a given level
of expected returns, Then, instead of the usual assumption of maximizing expected values
(for risk neutral principals) in agency problems, the principal may want that the increase
in the agent’s effort be translated into safer investments, that is, investing in new ventures
that decrease total risk of the portfolio of firms or alternatively, that the additional effort
implies increasing control over the key performance indicators of the venture in order to
minimize the volatility of the venture’s results. This approach can certainly be described
by a SOSD shift instead of a FOSD shift. By way of illustration, a special case of
SOSD shift is a mean-preserving decrease in risk described by Rothschild and Stiglitz
(1970). Therefore, in the context just described, the intuitive way to model increases in
agent’s effort is producing SOSD shifts but this feature is not typically included in agency
problems.
But we have yet more cases. Consider the case where the principal’s primary objective
is to avoid bad states of nature at all cost. If this were the case, the principal can be
characterized as an individual who exhibits high downside risk aversion (Menezes et. al,
1980). Downside risk aversion implies that the principal is prudent (Kimball, 1990) and
therefore, if we assume that at different effort levels the first two statistical moments of
the distribution of results are equal, then third-order stochastic dominant (TOSD) shifts
will provide the right ordering of risky prospects. Another example is when the principal
is temperate (Kimball [1993]) and thus he exhibits aversion to outer risk (Menezes and
Wang [2005]) or equivalently the principal dislike kurtosis. In this case, fourth-order
stochastic dominant (FOOSD) shifts will provide the right ordering of distributions. We
can continue for higher-order risk changes infinitely. However, the point we are making
is that, by incorporating higher-order risk structures, we can go beyond the traditional
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FOSD perspective of agency problems, increasing the spectrum of economic situations
that can be studied and, the same time, providing more flexibility for modeling new types
of agency games.
In terms of the literature we are advancing, this paper connects traditional the agency
model with recent developments in the higher–order risk literature. In the higher-order
risk literature, our paper is related with several papers that also advance applied economic
problems with higher-order risk structures. For instance, Jindapon and Nielsen (2007)
develop a higher-order generalization of Arrow-Pratt and Ross (1981) risk aversion coefficients. Jouini et al. (2013) study comparative statistics of Nth-degree risk increases in
bi-dimensional problems with additive and multiplicative risks and provide the conditions
for unambiguous impact on optimal decisions. Liu and Meyer (2013) study higher-order
risk through defining a rate of substitution of one stochastic change to a random variable to another. A very good summary containing recent developments of risk aversion
measures under higher-order risk is given in Liu and Nielsen (2019).
In the agency literature, our paper is related with most of the papers that build from the
first-order approach (FOA) of Holmström (1979). For instance, Jewitt (1988), provided
the conditions that make valid the FOA in the multi-signal case avoiding the convexity
of the distribution function (CDF) condition. Sinclair-Desgasné (1994) provided a generalization of the CDF, that is called the general convexity of the distribution function
(GCDF) for the multi-signal case. Alvi (1997) showed that the FOA is valid only for
additively separable utility functions and provided the sufficient conditions to extend the
FOA to non-separable cases. Licalzi and Speater (2003) provided a family of examples
that satisfy the monotone likelihood ration condition and the CDF condition.
More recently, other theoretical approaches in agency theory have worked on improving different aspects of the principal-agent model. For instance, Conlon (2009) presents
a multi-signal generalization of the methods developed in Rogerson (1985) and Jewitt
(1988), and he compares the cases in which one method works better than the other.
Sannikov (2008) presents a continuous-time version of the principal-agent problem in
which the output follows a diffusion process. Cato (2013) identifies the conditions under
which the FOA is valid under inequality aversion and Abraham et al. (2011) provide
sufficient conditions for the validity of the FOA for a two-period dynamic moral hazard
model with hidden borrowing and lending. Finally, Chaigneau et al (2019) extend the
Holmstrom (1979) paper by providing new conditions for a signal to have a positive value
when the FOA does not hold.
The rest of the paper is organized as follows. Section 2 describes the economic framework of the standard agency problem. In section 3 we discuss stochastic dominance shifts
induced by higher effort’s levels in the agency context. In this section we also characterize
4

preferences that satisfy the mixed risk aversion property. Section 4 studies the effects of
first, second and Nth-order stochastic dominance shifts and look for conditions on preferences the guarantee that the principal wishes the agent to increase his effort. In section
5, we illustrate our results with standard utility functions used in the financial economics
literature. Finally, section 6 provides the conclusions. All proofs are contained in the
appendix.

2

The Model

We study a principal-agent problem where the agent privately takes an action a from
set A ⊆ R. The monetary payoff x
e is random and let x ∈ X ⊆ R denote an outcome.
Without loss of generality, we assume that X is an interval of the form [x, x] , with x < x
and (x, x) ∈ R×R. The agent first decides his action a (we can think of a as an effort level)
and then both the principal and the agent observe outcome x. We denote by F (· | a) the
cumulative distribution function of x
e, given action a taken by the agent. In addition, we
assume that the support of F is independent of a and there exists a conditional density
function denoted by f (· | a) such that fa (x | a) and faa (x | a) represent the first and
second order derivative of f (· | a) and they are well-defined for all (x, a). Finally, let
s(x) be the share of the payoff received by the agent (from and optimal sharing rule that
we will present in next section) given payoff x, and let r(x) = x − s(x) be the share of
the payoff received by the principal. Following Hölmstrom (1979), given outcome x, we
restrict s(x) to lie in some interval I of the form [c, x + d] in order to avoid non-existence
of a solution.

2.1

The Agent

The agent’s preferences are represented by a separable expected utility function that is
R
given by u(s(x))f (x | a)dx − c(a), where u is a Von Neumann-Morgenstern utility
function defined on set ∆u with u0 > 0, u00 < 0, u000 > 0, u0000 < 0. That is, the agent
exhibits positive marginal utility, risk aversion, prudence (aversion to downside risk) and
temperance (aversion to outer risk) and c(a) is a convex cost function that represents the
disutility of the agent’s effort and we assume that c0 > 0 and c00 > 0. In addition, the
agent has an outside job opportunity that provides reservation utility u0 .
Given a sharing rule s(x), the agent aims to maximize his expected utility
Z
max
u(s(x))f (x | a)dx − c(a).
a∈A

X
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Assuming an interior solution, the optimal effort a0 that the agent exerts must be such
that
Z
u(s(x))fa (x | a0 )dx − c0 (a0 ) = 0,
X

which represents his optimal choice of a given the sharing rule s(x). We assume that our
generic functional forms satisfy the monotone likelihood ratio property (MLR property)
and the convexity of the distribution function. Therefore, the first order approach (FOA)
can be used in our problem in order to find the optimal contract 1 .

2.2

The Principal

Given an action a taken by the agent, the principal’s expected utility function is given by
Z
G (x − s (x)) f (x | a) dx,
X

where G is a also a Von Neumann-Morgenstern utility function defined on set ∆G with
G0 > 0, G00 < 0, G000 > 0 and Giv < 0. That is, the principal also exhibits positive marginal
utility, risk aversion, prudence and temperance, and since the principal’s sharing rule r
was defined as r(x) = x − s(x), the principal’s optimal decision problem is:
max

{s∈I, a∈A}

s.t.

R

G (r (x)) f (x | a) dx
X
R
u(s(x))f (x | a) dx − c (a) ≥ u0
RX
u(s(x))fa (x | a) dx − c0 (a) = 0
X

(C1)
(C2)

This problem can be solved using the standard Lagrange method. Let λ and µ denote
the Lagrange multipliers of constraints (C1) and (C2) respectively. Constraint (C1) is
the participation constraint (or the individual rationality constraint) whereas constraint
(C2) is the agent’s incentive compatibility constraint.
1

Agency models have always presented some technical difficulties. One of the main concerns of these
models has been about the cases and situations in which it is correct to use the first order approach
(FOA). Mirrlees (1975) was the first to point out that the FOA is generally not valid and that more
assumptions – in particular two additional assumptions - are needed in order to achieve a correct solution
when using the FOA. These assumptions (or required conditions) are described in detail in Mirrlees (1975)
and Rogerson (1985) and they are the monotone likelihood ratio (MLR) property and the convexity of
the distribution function (CDF). The first condition is very intuitive and it can be interpreted as “more
effort induces better results”, in line with the intuition of FOSD shifts. The second condition is more
technical and it is required by the mathematical optimization program used in agency modeling in order
to achieve an optimal solution
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2.3
2.3.1

Optimality Conditions
Pareto Rule

When there is no asymmetric information, the principal observes a and can contract
directly based on a. In this case, we do not need the incentive compatibility constraint.
Then, using pointwise optimization, the first order condition of the Lagrangian function
L with respect to s(x) is given by:
∂L
= −G0 (r (x)) f (x | a) + λu0 (s (x)) f (x | a) = 0,
∂s

(1)

so the optimality condition of equation (1) becomes
G0 (rλ∗ ∗ (x))
= λ∗ > 0.
u0 (s∗λ∗ (x))

(2)

This optimal sharing rule s∗λ∗ is called the Borch rule and we will refer to it as the Pareto
optimal solution (first best case). Furthermore, the first order condition for a is given by:
Z
[G (rλ∗ ∗ (x)) + λ∗ u (s∗λ∗ (x))] fa (x | a) dx = λ∗ c0 (a).
X

Normalization of λ∗ . It is possible to normalize to 1 the Lagrange multiplier λ∗ .
Since under expected utility preferences can be represented by a utility function up to
a positive affine transformation, we may consider for the agent utility function uθ (x) =
u(x) − θ, with θ ∈ R. From relationship (2), we can obtain a formal expression of s∗ as a
function of (x, λ∗ ), i.e. s∗ (x, λ∗ ). Using the implicit function theorem we obtain that
∂s∗ (x, λ∗ )
=−
∂λ∗

u0 (s∗ (x, λ∗ ))
> 0,
G0 (x − s∗ (x, λ∗ )) 00
00
∗
∗
∗
∗
G (x − s (x, λ ))
u (s (x, λ )) +
u0 (s∗ (x, λ∗ ))

so we can claim that s∗ is a function of parameter λ∗ that is increasing. Then plugging
s∗ (x, λ∗ ) into relationship C1 leads to
Z
uθ (s∗ (x, λ∗ )) f (x | a) dx − c (a) = u0
X
Z
u (s∗ (x, λ∗ )) f (x | a) dx = u0 + c (a) + θ.
X

The left handside the previous equality is increasing in λ∗ and the right handside of the
equality as a function of θ can take any value. Choosing parameter θ such that
Z
u (s∗ (x, 1)) f (x | a) dx = u0 + c (a) + θ
X
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will ensure that indeed λ∗ = 1.
In the remainder of the paper, we normalize2 the value of Lagrange multiplier λ∗ to be
equal to 1 and denote by r∗ and s∗ the Pareto optimal sharing rules for the normalized
problem.
Finally, normalizing λ∗ = 1, from relationship (2) it follows that x−r∗ (x) = Iu (G0 (r∗ (x))
where Iu is the inverse function of u0 . Thus, we have
Γu (r∗ (x)) = x,
where function Γu is defined as
Γu (y) = y + Iu (G0 (y)).

(3)

G00 (y)
> 0, so by the Implicit Function
u00 (Iu (G0 (y)))
Theorem function Γu admits an inverse on X denoted IΓu . Finally, we obtain that r∗ (x) =
IΓu (x), i.e., a relationship between the principal’s optimal share of the payoff and the
utility functions of the principal and the agent.
Γu is a smooth function with Γ0u (y) = 1 +

2.3.2

Moral Hazard Rule

Under asymmetric information, the incentive compatibility constraint now has to be taken
in account. Using pointwise optimization, the first order condition of the Lagrangian
function L with respect to s is given by:
∂L
= −G0 (r (x)) f (x | a) + λu0 (s (x)) f (x | a) + µ (u0 (s (x)) fa (x | a)) = 0,
∂s
which leads to
G0 (r∗∗ (x))
fa (x | a)
=λ+µ
.
0
∗∗
u (s (x))
f (x | a)

(4)

s∗∗ is the optimal sharing rule under asymmetric information (or under moral hazard) we
will refer to it as the second best case.
Then, the first order condition of the Lagrangian with respect to a is given by
R

∂L R
= X G (r (x)) fa (x | a) dx + λ X u (s (x)) fa (x | a) dx − c0 (a)
∂a
R

+µ X u (s (x)) faa (x | a) dx − c00 (a) = 0,
which leads to

R
µ = −R
X

G (r∗∗ (x)) fa (x | a) dx
.
(x)) faa (x | a) dx − c00 (a)

X
u (s∗∗

2

(5)

Of course, the normalization shall affect the expressions of the optimal sharing rules but not the
properties of their derivatives, which is the main focus of the paper.
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R
Notice that the denominator of the expression (5), i.e., X u (s∗∗ (x)) faa (x | a) dx −
c00 (a), is the second order condition of the agent’s optimal effort and therefore, it is
always negative given the assumptions of the model. If µ ≥ 0, it means that the principal
wants the agent to exert more effort than the actual effort exerted in the second best
equilibrium. But as we have argued, more effort can translate not only into FOSD shifts
in the distribution of results, but also into higher order stochastic dominant shifts. For
R
now, observe that in order to have µ ≥ 0, we only need X G (r∗∗ (x)) fa (x | a) dx to be
positive. We shall get back to this point later in the paper.
Next, we present the concept of stochastic dominance of N th -order, higher order risk
aversion and mixed risk aversion to introduce the tools needed for our results.

3
3.1

Stochastic Dominance
Preliminary Concepts

We shall use the definitions given by Ekern (1980) to introduce the concepts of N th order
stochastic dominance and having less N th degree risk. For x ≥ x, let us define F k (x | a) =
R x k−1
Rx
F
(y | a) dy, for k = 1, 2, ..., N . Note that F 1 (x | a) = F (x | a) = x F 0 (y | a) dy
x
and by definition F 0 (· | a) is the density function f (· | a). Also, F (x | a) = 0 and
F (x | a) = 1 for all a ≥ 0. By iteration, we obtain
Z x
N
F (x | a) =
F N −1 (y | a) dy.
x

Definition 1. Stochastic Dominance. Let F1 and F2 be two cumulative probability functions. We say the distribution F1 N th order stochastic dominates F2 if we have:
F1k (x) ≤ F2k (x) , for k = 1, 2, ..., N − 1

and

F1N (x) ≤ F2N (x) , for x ∈ X, with at least one strict inequality.
Definition 2. Less N th Degree Risk. Let F1 and F2 be two cumulative probability functions. We say the distribution F1 has N th less degree risk than F2 if we have:
F1N (x) ≤ F2N (x) , for x ∈ X, with at least one strict inequality, and
F1k (x) = F2k (x) , for k = 1, 2, ..., N
This definition implies that the N − 1 moments of these two distributions are the same
and the difference between them is given by the N th order distribution of the results.
Therefore, we can say that having less N th degree risk is a special case of N th order
stochastic dominance.
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Definition 3. Risk Aversion of N th Order. Let u be a C(R+ )∩C N (R++ ) utility function.
An individual is said to exhibit N th order risk aversion if
(−1)N u(N ) (x) < 0, for all x ∈ R+ .

(6)

Function u0 is (N + 1)-times monotone3 on R++ and by Williamson’s theorem (1956),
u0 admits the following representation
Z ∞
N
0
[1 − xs]+ dFu (s),
u (x) =
0

for some distribution function F and where [x]+ = max {x, 0}.

3.2

Mixed Risk Aversion

In this section, we assume that the set of outcomes X is a subset of R+ .
Definition 4. Mixed Risk Aversion. An individual is said to exhibit “mixed risk aversion” if his preferences are represented by a C ∞ (R+ ) utility function u such
(−1)n u(n) (x) < 0, for all n ∈ N and x ∈ R+
(n+1)

where u(k) denote the k th derivative of u for k ∈ N. Then, Aun = − uu(n) is the coefficient
of absolute risk aversion of order n, and it is well defined for al n ∈ N.
Note that Au1 is the Arrow-Pratt coefficient of absolute risk aversion, Au2 > 0 is the
prudence ratio that connects with precautionary saving motives. Finally, Au3 is the temperance ratio4 .
It is easy to verify that if utility function u exhibits “mixed risk aversion”, then the
marginal utility function u0 is completely monotone5 . Thus, by Hausdorff-BernsteinWidder’s Theorem (see Bernstein [1928], Hausdorff [1921] and Widder [1931]), u0 can be
represented by
Z
∞

u0 (x) =

e−xs dFu (s),

0
3

A function f ∈ C(R+ ) ∩ C k−2 (R++ ), k ≥ 2, for which (−1)l f (l) ≥ 0, non-increasing and, convex
for l = 0, 1, 2, ..., k − 2 is called k-times monotone on R++ . In the case k = 1, we only require f to be
non-negative and non-increasing.
4

Following Eeckhoudt, Gollier and Schneider (1995), an individual is said to be temperate, i.e.
marginal gains in expected utility for successive upwards shifts of any increase in risk are decreasing.
For temperate individuals, we have A3 > 0.
5
A C(R+ ) ∩ C ∞ (R++ ) function f is said to be completely monotone if for all k ∈ N and z ∈ R++ , we
have that (−1)k f (k) (z) ≥ 0.
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where Fu is a distribution function on R+ . This means that u0 is the Laplace transform
of F . It is well known that for all n ∈ N the limit, lim+ u(n) (x) exists but is not
x→0
R∞
necessary finite; more specifically, lim+ u(n) (x) is finite if and only if 0 sn−1 dFu (s) < ∞.
x→0

In addition, as shown in Caballé and Pomansky (1996), a representation of the utility
function u is given by
Z ∞
1 − e−xs
dFu (s),
u(x) = u(0) +
s
0
R∞
where distribution Fu is such that 1 dFus(s) < ∞. Next, the following proposition provides
a characterization of “mixed risk aversion” in terms of coefficient of absolute risk aversion
of order n.
Proposition 1. Assume that utility function u is C(R+ ) ∩ C ∞ (R++ ), with u0 > 0 such
that for all x ∈ R+ , u(n+1) (x) 6= 0. Then, u exhibits “mixed risk aversion” if and only if
for all n ∈ N, Aun is a positive non-decreasing sequence.
Proof. See the Appendix.
Proposition 1 implies that Aun admits a limit (not necessarily finite) as n goes to ∞.
Furthermore, for negative exponential utility functions, coefficient Aun is constant for all
n ∈ N so even if (−1)n u(n+1) > 0 for all n ∈ N, Aun may not be an increasing sequence.
Finally, observe that Aun is a non-increasing function6 of x since
(Aun )0 (x)

3.2.1

 (n+1) 2
u(n+2) (x)
u
(x)
= − (n)
+
u (x)
u(n) (x)


= −Aun (x) Aun+1 (x) − Aun (x) ≤ 0.

Higher Order Risk Changes and the Agency Problem

Using these definitions, we observe that in our agency model, the distribution of results
shifts when agent’s effort level a changes, and given that a is a continuous variable, we can
use an extended version of Ekern’s (1980) definition of increase (decrease) in risk for higher
order risk changes in order to accommodate our problem to a differentiable setting with
distributions of results conditional to agent’s effort. For our particular purposes, the key
element to have in mind is the partial derivative of the iterated integral F k (x | a), which is
denoted by Fak (x | a). As a result, FOSD will be associated with F (x | a2 )−F (x | a1 ) ≤ 0,
with a1 ≤ a2 , which implies that in our continuous-effort moral hazard model, FOSD is
equivalent to Fa (x | a) ≤ 0, second order stochastic dominance (SOSD) will be associated
6

The property (Aun )0 ≤ 0 was first derived by Caballé and Pomansky (1996).
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with Fa2 (x | a) ≤ 0, third order stochastic dominance (TOSD) will be associated with
Fa3 (x | a) ≤ 0 and so on. The following two definitions formalize these concepts.
Definition 5. An increase in agent’s effort represents a Nth degree stochastic (NSD)
dominant shift if FaN (x | a) ≤ 0 for all x ∈ X, where inequality is strict for some x, and
Fak (x | a) ≤ 0 for k = 1, 2, ..., N − 1.
Definition 6. An increase in agent’s effort represents a Nth degree decrease in risk if
FaN (x | a) ≤ 0 for all x ∈ X where inequality is strict for some x, and Fak (x | a) = 0 for
k = 1, 2, ..., N − 1.
The intuition behind the two definitions is straightforward when we use a discrete
version of the effort model. Following Ekern (1980), let x
e1 and x
e2 be two random variables with a probability distribution given by F (· | a1 ) and F (· | a2 ) respectively, with
a1 < a2 . The condition Fak (x | a) = 0 is equivalent to F k (x | a1 ) = F k (x | a2 ) for all
k = 1, 2, ..., N − 1 in the discrete model. This means that the N − 1 moments of both
distributions are the same. For example, we can say that x
e2 is a second-degree decrease in
risk of x
e1 if x
e2 dominates x
e1 via second order stochastic dominance and both distributions
have equal mean, which is the case of the Rothschild and Stiglitz (1970) mean-preserving
decrease in risk. A third-degree decrease in risk on the other hand, is equivalent to the
concept of a decrease in downside risk developed by Menezes et al. (1980). Similarly,
a fourth-degree decrease in risk is equivalent to the concept of a decrease in outer risk
developed by Menezes and Wang (2005), and so on.
The last concept from the economics of risks literature that we will use in our paper
is the concept of N th degree stochastic change equivalence. Let V be a C N (X) utility
Rx
function utility function. The expectation of V is defined as E (V (e
x)) = x V (x)dF (x | a)
and after N iterations of integrating by parts, we find that
E (V (e
x)) =

N
X

k−1

(−1)

V

(k−1)

Z

k

(x)F (x | a) +

x

(−1)N V (N ) (x)F N (x | a)dx.

(7)

x

k=1

To evaluate the effect of a change in the agent’s effort a on the expected utility, we
differentiate (7) with respect to a to obtain
Z
x

x

Z x
N
X
k−1 (k−1)
k
V (x)dFa (x | a) =
(−1) V
(x)Fa (x | a) +
(−1)N V (N ) (x)FaN (x | a)dx.
x

k=1

An increase in the agent’s effort a that represents a NSD shift of the distribution F is
Rx
equivalent to x V (x)dFa (x | a) ≥ 0. Given what precedes, a sufficient condition for
Rx
V (x)dFa (x | a) ≥ 0 is (−1)k V (k) (x) ≤ 0 for all x ∈ X and k = 1, 2, ..., N .
x
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We conclude that if for all n ≤ N , (−1)n V (n) (x) ≤ 0 for all x ∈ X, an increase in
agent’s effort that causes N th OSD shifts on F (· | a), the principal will always want the
agent to exert a greater effort than what the latter is willing to provide under second-best
sharing rule, i.e. µ > 0.

4
4.1

Agency Theory and Stochastic Dominance
FOSD and Agency

The usual way that agency problems with continuous effort are solved is by using the
first order condition given by Hölmstrom (1979). However, to be able to use Hölmstrom’s
conditions, we know, from the literature review section, that some mathematical properties of the functions involved in the problem must be satisfied, such the convexity of the
distribution function and the monotone likelihood ratio condition (Mirrless (1977) and
Rogerson (1985)), and given that we are using only general functional forms in this part
of the paper, we will assume that all these technicalities are met and therefore, we can
focus on the stochastic shifts of different order of the distribution of results and their effects on the optimal contract. For the FOSD case we could have referred the reader to the
original source without any exposition here, but instead, we believe that it is important
to provide an short version of Hölmstrom’s proof in order to highlight the importance of
the assumption of FOSD in the agency literature. Then, we will build on this result to
analyze higher order stochastic dominant shifts.
Proposition 2. Hölmstrom (1979)
If an increase in agent’s effort induces a FOSD shift of the distribution F , i.e., a shift that
satisfies the property of Fa1 (· | a) ≤ 0, the principal would always desire a greater effort
from the agent than the latter would be willing to provide under the second best sharing
rule, i.e. µ > 0.
Proof. See the Appendix.
The previous proof relies on the concept of FOSD. But, what if the agent’s effort affects
the distribution of results through higher order stochastic dominance changes? FOSD is
only one alternative of a stochastic change; it may even be the simplest way to think in
the effect of agent’s effort on the distribution of results. However, higher order stochastic
changes can also make economic sense in other contexts as we will see below.
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4.2

SOSD and Agency

As we discussed above, FOSD is a common and very reasonable assumption to represent
the effects of agent’s increasing effort on the distribution of results. However, in some
cases, SOSD could be a better way to represent the effect of an agent’s effort on a delegation set up under an agency problem. For instance, when a risk averse principal needs
to delegate the management of a portfolio of new venture projects to an agent, it may
be the case that the principal is very sensitive to the dispersion of a distribution and in
consequence, SOSD shifts may provide the right preference ordering of distributions. Let
us think in the case when a principal is about to retire (short-run horizon of investment)
and he is not willing to take risky bets in the entrepreneurial world, the opposing interests
between the principal and the agent come not only from the results (effort) - payment
combination they have to agree upon, but also from the potentially different preferences
of the risk-return trade off they may have. In this case, a very risk-averse principal may
want to minimize risky decisions within the company portfolio of ventures, and the optimal contract has to be designed in a way that consider agent’s effort cost and also his
valuation of the risk-return trade off, which in this case would be decreasing dispersion.
Alternatively, we can think in a classical agency problem within a firm where there exist
a given hierarchy like in classical paper of Garicano (2000). In this context, we can find
multiple reasons why a risk averse “boss” may want the agent to choose low risk tasks
in order to minimize aggregate firm risk. Examples of these reasons are compensation
schedules negotiated between the boss and the board that the boss do not want to put at
risk, or avoiding the problem of reverse-delegation of risky and complex tasks within the
organization when the boss can not observe directly the skill level of the agent and the
latter also want to avoid being exposed as underperformed.
To the best of our knowledge, Hughes (1982) is the only application of agency theory
under SOSD shifts induced by increasing agent’s efforts. In this subsection, we generalize
the results of Hughes (1982) that are based on Harmonic Absolute Risk Aversion (HARA)
preferences, which are preferences that exhibit linear absolute risk tolerance. We use
instead a general formulation of absolute risk tolerance to show that SOSD is the key
property that defines the optimal contract when the principal is mainly interested in
avoiding disperse distributions of outcomes. This analysis will be a way to introduce our
general result for the case of Nth order stochastic dominance shifts induced from exerting
more agent’s effort.
Proposition 3. Generalizing Hughes (1982)
If an increase in the agent’s effort induces a SOSD shift of the distribution F , i.e. a shift
that satisfies the property of Fa2 (· | a) ≤ 0, the principal would always want a greater effort
14

from the agent than the latter would be willing to provide under the second-best sharing
rule, i.e. µ > 0. A sufficient condition is that for all x ∈ X, (V ∗ )00 (x) ≤ 0, which is
satisfied whenever for all x ∈ X, (r∗ )00 (x) ≤ 0. This last condition holds in the special
case when the marginal risk tolerance of the agent is (always) higher than that of the
principal.
Proof. See the Appendix.
Before examining in details necessary and sufficient conditions on the preferences of the
principal and the agent for (i) (V ∗ )00 to be negative and (ii) (r∗ )00 (x) to be negative, we
present a sufficient condition the preferences of the principal and the agent that is easy
to interpret.
Recall that the absolute risk tolerance T1 is defined as the inverse of the absolute risk
1
aversion coefficient that is T1 =
. When the preferences are DARA, which is the case if
A1
the utility function exhibits the mixed risk aversion property, an increase in wealth implies
a decrease in the absolute risk aversion coefficient, which in turns implies that (T1u )0 > 0
and (T1G )0 > 0. Differentiating with respect to x relationship (2) and rearranging terms,
we have
T1G (r∗ (x))
∗ 0
(r ) (x) = u ∗
∈ [0, 1] .
(8)
T1 (s (x)) + T1G (r∗ (x))
Differentiating with respect to x relationship (8) and rearranging terms leads to

 G 0 ∗
(T1 ) (r (x)) − (T1u )0 (s∗ (x)) (r∗ )0 (x) (1 − (r∗ )0 (x))
∗ 00
(r ) (x) =
.
T1u (s∗ (x)) + T1G (r∗ (x))

(9)

Relationship (9) shows that, as long as (T1G )0 (r∗ (x)) ≤ (T1u )0 (s∗ (x)), then (r∗ )00 (x) ≤ 0.
Evaluated at the optimal sharing rules, the marginal absolute tolerance of the agent must
be greater than the marginal absolute risk tolerance of the principal. The intuition behind
this result is clear. We would expect that the more marginally risk tolerant the agent is,
the better he can cope with the risk of not having the best distribution of results (better
than the principal), especially if the agent has to assume all the effort’s cost to obtain
second-order stochastic dominant distributions. In other words, the agent’s second-best
optimal effort is less than what the principal would like him to exert when the agent’s
marginal absolute risk tolerance is higher than the principal’s.
Clearly, if there exists some α ∈ R such for all (y, z) ∈ ∆G × ∆u , (T1G )0 (y) ≤ α ≤
(T1u )0 (z), which is equivalent to
AG
Au2 (z)
2 (y)
≤
α
≤
, for all (y, z) ∈ ∆G × ∆u ,
Au1 (z)
AG
1 (y)
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then we have (r∗ )00 (x) ≤ 0. This condition is quite strong as it imposes a uniform property
u
on coefficients AG
k and Ak for k = 1, 2. In section 6 of the paper, we shall provide a
weaker (necessary and sufficient) condition for the class of HARA utility functions thereby
generalizing the results of Hughes (1982).
In the next section, we investigate the concavity of functions V ∗ and r∗ and look for
weaker conditions.
4.2.1

Study of (V ∗ )00

Recall that we have established that r∗ = IΓu where function IΓu is given by relationship
(3) so that for x ∈ X, V ∗ (x) = G(IΓu (x)). Differentiating with respect to x leads to
(V ∗ )0 (x) = IΓ0 u (x)G0 (IΓu (x)) > 0
(V ∗ )00 (x) = IΓ00u (x)G0 (IΓu (x)) + (IΓ0 u (x))2 G00 (IΓu (x)).
We start by providing a condition so that IΓ00u (x) = (r∗ )00 (x) ≤ 0 for all x ∈ X.
Necessary and Sufficient Condition for (r∗ )00 ≤ 0. Let IG and Iu denote the inverse
functions of the G0 and u0 respectively. Note that u0 (Iu (z)) = z, so we have
Iu0 (z) =

1
u000 (Iu (z))
00
<
0
and
I
(z)
=
−
> 0 (assuming u000 > 0).
u
u00 (Iu (z))
[u00 (Iu (z))]3

As r∗ (x) = IΓu (x), differentiating with respect to x yields
(r∗ )0 (x) = IΓ0 u (x) =

1

> 0.

Γ0u (IΓu (x))
Γ00u (IΓu (x))

(r∗ )00 (x) = IΓ00u (x) = −

[Γ0u (IΓu (x))]3

.

Hence (r∗ )00 ≤ 0 if and only if Γ00u ≥ 0. Note that
Γ0u (y) =
and
Γ00u (y) =
where, AI1u = −
if and only if

IG0 (G0 (y)) + Iu0 (G0 (y))
,
IG0 (G0 (y))


Iu0 (G0 (y))  IG 0
A1 (G (y)) − AI1u (G0 (y)) ,
2
0
[IG (G0 (y))]

Iu00 IG
IG00
,
A
=
−
. Since Iu0 < 0 and also IG0 < 0 , it follows that (r∗ )00 ≤ 0
1
Iu0
IG0
AI1G (z) ≤ AI1u (z) for all z in ImG0 .
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(10)

Observe that the relationship has to hold only on the set ImG0 , i.e., for z such that there
exists y in X such that z = G0 (y).
We now provide a general necessary and sufficient condition on utility functions u and
G so that V ∗ is concave.
Necessary and Sufficient Condition for (V ∗ )00 ≤ 0. From the expressions derived
for (V ∗ )00 , IΓ0 u (x) and IΓ00u (x) we have


G0 (IΓu (x)) G00 (IΓu (x)) Γ00u (IΓu (x))
∗ 00
(V ) (x) =
− 0
.
Γu (IΓu (x))
[Γ0u (IΓu (x))]2 G0 (IΓu (x))
Set z = G0 (IΓu (x)) = G0 (r∗ (x)) so that IG (z) = IΓu (x) and observe that
G00 (IΓu (x)) =
Γ0u (IΓu (x)) =

1
IG0 (z)
Iu0 (z) + IG0 (z)
.
IG0 (z)

It follows that


 Iu

IG0 (z)
Iu0 (z)
IG
(V ) (x) =
1+z 0
A (z) − A1 (z) .
IG (z) + Iu0 (z) 1
[Iu0 (z) + IG0 (z)]2
∗ 00

As IG0 < 0 we have (V ∗ )00 (x) ≤ 0 if and only if
1+z

 Iu

Iu0 (z)
IG
A
(z)
−
A
(z)
≥ 0 for all z in ImG0 .
1
IG0 (z) + Iu0 (z) 1

(11)

Note that condition (11) involves the inverse of the marginal utility functions and their
coefficients of risk aversion instead of the marginal utilities themselves.
In the next section, we generalize our analysis to the case of Nth order stochastic
dominance shifts.

4.3

N th OSD and Agency

In the previous sections we have discussed specific conditions under which different possible types of stochastic dominant shifts in the distribution of results occur when the agent
exerts more effort. We have provided some economic intuition for the cases of FOSD,
SOSD and TOSD. Analyzing higher order stochastic dominant shifts turns out to be a
much more challenging task. For example, economic intuition for FOOSD is likely to
be connected with aversion to outer risk (Menezes and Wang, 2005), but the algebraic
tractability of the proof becomes cumbersome.
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For increases in risk, Diamond and Stiglitz (1974) characterize the role of greater risk
aversion by considering the class of distributional changes in risk that induce mean preserving spreads (or alternatively contractions) in the probability distribution of results.
The condition for the utility function is straightforward, v is more risk averse than u if and
only if v is a concave transformation of u, i.e., v = ϕ(u) where ϕ is an increasing concave
function (Pratt [1964]). A TOSD shift can also be characterized by altering the notion
of a mean-preserving spreads (Rothschild and Stiglitz (1970)) into a variance-preserving
third-order risk spread, and then showing that a downside risk-averse person is indeed
characterized by a dislike of all such spreads. Menezes, Geiss and Tressler (1980) show
that downside risk aversion is characterized by u000 ≥ 0. Keenan and Snow (2002) show
00 2
000
Au
that a measure of downside risk aversion is su = uu0 − 32 uu0 = A2u − 32 (Au1 )2 in the case
1
of small increases in downside risk aversion.
Recall that V (x) ≡ G (r∗ (x)) and observe that when the principal is N th order risk
averse, we have (−1)k G(k) ≤ 0 for k = 1, ..., N . Aforementioned, an increase in agent’s
Rx
effort a that represents a NOSD shift on F (· | a) is equivalent to x V (x)dFa (x | a) ≥ 0,
which is satisfied if (−1)k V (k) ≤ 0 for k = 1, ..., N .
4.3.1

General Condition for (−1)n (V ∗ )(n) ≤ 0

We wish to provide a sufficient and necessary condition on the coefficients AIku and AIkG
with k = 1, ..., n − 1 so that V ∗ satisfies the mixed risk aversion property up to order n .
Working with the inverses of the marginal utility functions instead of working directly
with utility functions allows us to derive a condition on a functional that can be evaluated
at some common argument7 , namely variable z = G0 (r∗ (x)). Given the assumptions on
utility functions G and u, for k = 1, coefficients AI1G and AI1u are well defined and positive
for all x in X. However, for k integer greater or equal to 2, we may have (for instance)
(k+1)
(k)
IG (x) = 0 for some x in X with IG (x) 6= 0. In this case, we have AIkG (x) = 0 but
G
AIk+1
(x) is not well defined. Then, to move from order k to order k + 1, we need to be
G
able to compute quantity (AInG )0 (x). Even if AIk+1
(x) is not well defined, the “symbolic”
G
product AIk+1
(x)AIkG (x) is equal to −

write - symbolically - (AInG )0 (x) =

(k+2)

IG

(x)

(k)

so it is well defined. Therefore, we can still

− AInG (x) .

IG (x)
 G
IG
−An (x) AIn+1
(x)

For n = 1, we have
IG0 (z)
,
IG0 (z) + Iu0 (z)
= Q1 (z, IG0 (z), Iu0 (z)),

(V ∗ )0 (x) = z

7

Unfortunately, this is not the case if one intends to derive a condition that involves coefficients Auk
and AG
k.
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1
where Q1 (X0 , X1 , X2 ) = X0 X1X+X
. For n = 2, we have seen that for all x ∈ X, (V ∗ )00 can
2
be expressed as
(12)
(V ∗ )00 (x) = Q2 (z, IG0 (z), Iu0 (z), AI1G (z), AI1u (z)),

where Q2 is a rational function of 2 × 2 + 1 = 5 variables that is given by


X1
X2
[X4 − X3 ] .
Q2 (X0 , X1 , X2 , X3 , X4 ) =
1 + X0
X1 + X2
(X1 + X2 )2
Then, observe that (G0 (r∗ (x))0 =
and recall that

1
0 (z) ,
Iu0 (z)+IG

Iu00 (z) = −AI1u (z)Iu0 (z), IG00 (z) = −AI1G (z)IG0 (z)

 G

(AInG )0 (z) = −AInG (z) AIn+1
(z) − AInG (z)

 u
(z) − AInu (z) .
(AInu )0 (z) = −AInu (z) AIn+1
Therefore, given what precedes, differentiating relationship (12) with respect to x, it is
possible to write
(V ∗ )000 (x) = Q3 (z, IG0 (z), Iu0 (z), AI1G (z), AI1u (z), AI2G (z), AI2u (z)),
with z = G0 (r∗ (x)) and where Q3 is a rational function of 2 × 3 + 1 = 7 variables. More
generally, we have the following proposition.

Proposition 4. The derivative of order n of function V ∗ can be expressed as a rational
function of 2n + 1 variables (X0 , X1 , ..., X2n ); variables X0 , X1 and X2 that are to be
evaluated at z, IG0 (z) and Iu0 (z) respectively whereas for k ≥ 1, variables x2k+1 and x2k+2
are to be evaluated at AIkG (z) and AIku (z) respectively, with z = G0 (r∗ (x)). Furthermore,
functionals Qn and Qn+1 are linked by the following relationship

1
∂Qn
∂Qn
∂Qn
Qn+1 (X0 , X1 , ..., X2n+2 ) =
− X 1 X3
− X2 X 4
X1 + X2 ∂X0
∂X1
∂X2
#
n−1
n−1
X
X
∂Qn
∂Qn
−
X2k+1 (X2k+3 − X2k+1 )
−
X2k+2 (X2k+4 − X2k+2 )
∂X2k+1 k=1
∂X2k+2
k=1
Proof. The property is true for n = 1. Then, for n ≥ 1, one can check that the induction
relationship of the proposition holds.
Function (V ∗ )(n) depends of all the coefficients of risk aversion of functions IG and Iu up
to order n − 1, then for large n, it may be cumbersome to infer its sign. In the remainder
of the paper, we look for sufficient conditions so that V ∗ satisfies the mixed risk aversion
property.
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4.3.2

Sufficient Condition for (−1)n (V ∗ )(n) ≤ 0

Proposition 5. Assume that functions G and r∗ are C N differentiable functions that
satisfy
(−1)n G(n) (x) ≤ 0
(−1)n (r∗ )(n) (x) ≤ 0, for all x ∈ X and all integers n ≤ N.
Then function V ∗ satisfies the mixed risk aversion property, i.e., for all x ∈ X and all
integers n ≤ N , we have
(−1)n (V ∗ )(n) (x) ≤ 0.
Proof. See the Appendix.
4.3.3

A Sufficient Condition for (−1)n (r∗ )(n) ≤ 0

Recall that we have established that
Γu (r∗ (x)) = x,
with Γu (y) = y + Iu (G0 (y)). We now present a sufficient condition on function Γu such
that its inverse satisfies the mixed risk aversion property. We start with the following
lemma.
Lemma 1. Let f be a function in C(R+ ) ∩ C ∞ (R++ ) such that f 0 > 0 and for all integers
k ≥ 2 and z > 0 , (−1)k f (k) (z) ≥ 0. Then, the inverse function of f satisfies the mixed
risk aversion property.
Proof. See the Appendix.
We apply the result of lemma 1 to function Γu whose derivative is strictly positive. We
conclude that a sufficient condition for r∗ to satisfy the mixed risk aversion property is
function Γ0u to be completely monotone. Clearly, this last condition is easier to verify.
We now illustrate our results for standard utility functions used in the financial economics literature.

5

Examples

In order to lighten the notation, we use s and r to refer to the optimal Pareto rules instead
of s∗ and r∗ and V instead of V ∗ . Finally, recall that we normalize λ∗ to be equal to 1.
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5.1

CARA Utility Functions
−Bx

−Ax

Let G(x) = 1−eB
and u(x) = 1−eA , with A and B positive constants. For this class
of utility functions, for the principal (resp. agent), we have An (x) = B (resp. A); in
particular, the absolute tolerance is constant, so the marginal absolute tolerance is equal
to zero. Furthermore, it is easy to verify that G0 and u0 are the Laplace transforms of the
distributions FG (s) = H(s − B) and Fu (s) = H(s − A) respectively, where H denotes the
Heaviside function. In this example, we can choose X = R.
Relationship (2) can be written
G0 (x − s(x))
= e−Bx+(A+B)s(x) = 1 > 0,
u0 (s(x))
which leads to a linear sharing rule8
s(x) =

B
x.
A+B

AB

1 − e− A+B x
We find that for all x ∈ R, V (x) =
and therefore the property (−1)k V (k) (x) ≤
B
0 is satisfied for all k ∈ N.
This simple example illustrates that no restrictions are needed for function V to satisfy
the mixed risk aversion property.

5.2

CRRA Utility Functions
1−B

1−A

Let G(x) = x 1−B−1 (resp. ln x) if B 6= 1 (resp. B = 1) and u(x) = x 1−A−1 (resp. ln x)
if A 6= 1 (resp. A = 1) , with A and B positive constants. In this case, we choose
B+n−1
X = R+ . For this class of utility functions, we have AG
and Aun (x) =
n (x) =
x
A+n−1
; in particular, the absolute tolerance is linear, so the marginal absolute tolerance
x
is constant. Furthermore, it is easy to verify that G0 and u0 are the Laplace transforms of
sB
sA
the distributions FG (s) = Γ(B+1)
and Fu (s) = Γ(A+1)
respectively, where Γ denotes Euler’s
Gamma function. Relationship (2) can be written
(x − s(x))B = (s(x))A ,

(13)
1

1

for all x ∈ R+ and s(x) ∈ [0, x]. Then, we have IG (z) = z − B , Iu (z) = z − A so that
1
1
AI1G (z) = 1+B
and AI1u (z) = 1+A
. Given conditions (10) and (11) we have r00 ≤ 0 if and
B z
A z
A
≤ B.
only if A ≤ B and V 00 ≤ 0 if and only if 1+A
8

More generally, it is easy to verify that the optimal payoff sharing rule is linear if utility functions G
and u are such that G(x) = a1 u(ax) + b for all x ∈ X with constants (a, b) ∈ R++ ×R.

21

5.2.1

Case A = 1 and B = 2

A closed form solution for s and r is available and it is easy to verify that
√
1 + 2x − 1 + 4x
s(x) =
2
√
1 + 4x − 1
r(x) =
.
2
Thus, for all integers n ≥ 2
s(n) (x) = (−1)n × 1 × 3 × ... × (2n − 3)2n−1 (1 + 4x)−

(2n−1)
2

.

Hence we have
(−1)n+1 s(n) (x) < 0
(−1)n r(n) (x) < 0.
We can claim that for all x ∈ R++ and n ∈ N, (−1)n V (n) (x) ≤ 0.
5.2.2

Case A = 2 and B = 1

Again, a closed form solution is available and it is easy to verify that
√
−1 + 1 + 4x
s(x) =
2 √
2x + 1 − 1 + 4x
r(x) =
.
2
It follows that for all integers n ≥ 2
s(n) (x) = (−1)n+1 × 1 × 3 × ... × (2n − 3)2n−1 (1 + 4x)−

(2n−1)
2

.

Hence we have
(−1)n+1 s(n) (x) > 0
(−1)n r(n) (x) > 0.
Even though we have r00 > 0, observe that as
5.2.3

A
1+A

=

2
3

< B = 1, we still have V 00 < 0.

General Case

We have already seen that r00 < 0 if and only if B > A. Thus, we can restrict our
attention to the case B > A. Totally differentiating relationship (13) with respect to x
and rearranging terms leads to
s0 (x) =

Bs(x)
∈ (0, 1) .
A(x − s(x)) + Bs(x)
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Differentiating one more time yields
s00 (x) = (B − A)AB

s(x)(x − s(x))
.
[A(x − s(x)) + Bs(x)]3

Differentiating one more time with respect to x after rearranging terms we find that
(s00 (x))2 x
ϕ(x),
s (x) =
(B − A)s0 (x)(1 − s0 (x))
000

with ϕ(x) = −2A2 (1 − $(x)) − 2B 2 $(x) + AB and $(x) =
for all x > 0, $(x) is implicitly defined by

s(x)
x

∈ (0, 1). Next, note that

xB−A (1 − $(x))B = ($(x))A .
It is easy to verify that when B > A, $ is a strictly increasing function with lim
$=0
+
0

and lim $ = 1. Clearly, when B > A, function ϕ is decreasing in x with ϕ(0) = A(B−2A)
∞

and lim ϕ = B(A − 2B) < 0. We conclude that ϕ has a constant sign, namely negative,
∞

if and only if A < B ≤ 2A. To sum up, (−1)3 r000 (x) < 0 for all x ≥ 0 iff B ≤ 2A and in
general, s000 does not have a constant sign. We now provide a full characterization for all
order n.
Proposition 6. For all x ∈ R++ and n ∈ N, we have
(−1)n r(n) (x) ≤ 0 if and only if A ≤ B ≤ 2A.
Proof. See the Appendix.

5.3

HARA Utility Functions

B
A
For a 6= 0, b 6= 0, A > 0 and B > 0, let G(x) = 1−B
(b + Bx )1−B and u(x) = 1−A
(a + Ax )1−A ,
so that T1G (x) = b + Bx and T1u (x) = a + Ax and we assume that x > − max {−aA, −bB}.
It follows that IG (z) = Bz −1/B − bB and Iu (z) = Az −1/A − aA. Thus, we have IG0 (z) =
−z −1/B−1 , Iu0 (z) = −z −1/A−1 , AInG (z) = B+n
and AInu (z) = A+n
. These expressions are
Bz
Az
independent of parameters a and b and therefore the results derived for the class of CRRA
utility functions still apply.
A
We note that we have V 00 < 0 if and only if 1+A
≤ B, which generalizes the condition
G 0
u 0
derived by Hughes (1982), namely (T1 ) < (T1 ) , i.e., A ≤ B.

5.4

V 00 = 0

In this section, we look for a sufficient and necessary condition for V 00 = 0 and provide an
example of preferences that satisfy this condition. Obviously, the property (−1)n V (n) ≤ 0
will be satisfied.
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If for all x ∈ X, V 00 (x) = 0 then we have V 0 (x) = K > 0 for all x ∈ X. It follows that
G0 (IΓu (x)) =

K
IΓ0 u (x)

= KΓ0 (IΓu (x)),

or equivalently
z−K 0
(14)
I (z) = Iu0 (z).
K G
where z = IΓu (x). Since Iu0 < 0 and IG0 < 0, we must impose z > K > 0. Note that
condition (14) implies that
AI1G (z) = AI1u (z) +
−ax

Assume that u(x) = − e a

1
.
z−K

1
so that T1u (x) = a1 . It follows that Iu0 (z) = − az
and thus


1 1
1
0
IG (z) =
−
.
a z z−K

Integrating this equation yields
IG (z) =

z
1
ln
+ c,
a z−K

for some constant c. We may choose c ≥ 0, so that IG is well defined on (K, ∞) and
define set X = (c, ∞). Inverting the relationship leads to
G0 (x) =

K
,
1 − e−a(x−c)

for all x ∈ X so that


K 
ln 1 − e−a(x−c) + C,
a


where C is a constant. Utility function G is of the DARA type with T1G (x) = a1 ea(x−c) − 1 ;
note that (T1G )0 (x) > (T1u )0 (x) = 0, so the condition (T1G )0 < (T1u )0 does not hold. Furtheremore, one can check that the optimal payoff sharing rule for the manager is given
by

1 
r(x) = c + ln 1 + Kea(x−c) ,
a
where x ∈ X. Observe that
G(x) = Kx +

Kea(x−c)
>0
1 + Kea(x−c)
Kaea(x−c)
r00 (x) =
2 > 0,
[1 + Kea(x−c) ]
r0 (x) =

and therefore (not surprisingly) we do not have r00 ≤ 0.
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Conclusion

In this paper we build a bridge between recent developments in the economic theory of risk
and uncertainty and the classic agency problem. We derive conditions on the agent and
the principal preferences under which if the effects of the agent’s efforts are represented
by a N th-order stochastic dominance the principal would want a greater effort level than
the one provided under the second best sharing rule. This allows us to extend the agency
analysis to a variety of economic settings beyond the usual first-order stochastic dominance
paradigm. We argue that second-order or third-order stochastic dominance may provide
a suitable ordering of prospects. For instance, in the case of delegated entrepreneurial
investment decisions, a principal may want the agent to minimize risk (second-order risk
decision) or alternatively, the principal may want the agent to avoid losses of any kind
(downside risk aversion, prudent behavior or third-order risk decision). In these cases,
first-order stochastic dominance is not the relevant criteria to rank the distributions of
outcomes and consequently, it is important to consider higher-order risk attitudes to
analyze more general moral hazard issues and implications.
Our characterization involves the inverses of the marginal utilities of the agent and the
principal as well as their derivatives up to order N . One challenge is that the properties
on the utilities functions and their derivatives only transmit in an increasing cumbersome
way to the derivatives of the inverse marginal utilities as the order of the derivatives
rises. When the principal preferences exhibit mixed risk aversion, a simplified approach
examines sufficient (but easier to verify) conditions and highlights the mixed risk aversion
property that must satisfy the principal optimal Pareto share rule. Finally, we illustrate
our findings for standard preferences used in financial economics.
This paper is among the first attempts to incorporate more complex risk structures into
traditional economic models. Many challenges remain but we believe this is an important
step towards a more acute understanding of seminal or new economic frameworks.
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Appendix

Appendix A
Proof of Proposition 1. Step 1 (⇒): Assume that (−1)n u(n+1) > 0 so that for all
x ∈ R++ we can write
Z ∞
0
e−xs dFu (s),
u (x) =
0

for some distribution function Fu . It follows that for all n ∈ N, u(n) (x) = (−1)n−1
and therefore
R ∞ n −xs
s e dFu (s)
u
An (x) = R ∞0 n−1 −xs
.
s e dFu (s)
0

R∞
0

sn−1 e−xs dFu (s),

To show that Aun+1 ≥ Aun it is equivalent to prove that
Z

∞

s

n+1 −xs

e

Z

∞

dFu (s) ×

0

s

n−1 −xs

e

Z
dFu (s) ≥

0

2

∞
n −xs

s e

dFu (s)

.

0

Consider the quadratic Q in ξ
∞

Z

(ξs + 1)2 sn−1 e−xs dFu (s).

Q(ξ) =
0

Clearly, Q is a non-positive function so at most it has a double real root; therefore, its
discriminant ∆ must be non-positive, i.e.,
2
Z ∞
Z ∞
Z ∞
n −xs
n+1 −xs
s e dFu (s) − 4
s e dFu (s) ×
sn−1 e−xs dFu (s) ≤ 0.
4
0

0

0

This concludes step 1.
Step 2 (⇐): Conversely, assume that An is strictly increasing and positive. For n = 1,
we have
u00
Au1 = − 0 > 0,
u
so u00 < 0 as u0 > 0 (by assumption) and for n = 2, we have
−

u000
u00
>
−
> 0,
u00
u0

so we must have u000 > 0. We now show the result by induction on n. Assume that
(−1)n u(n+1) > 0. We write
Aun+1 = −

u(n+2)
(−1)n+1 u(n+2)
=
≥ Aun > 0.
u(n+1)
(−1)n u(n+1)

As (−1)n u(n+1) > 0 we deduce that (−1)n+1 u(n+2) > 0, which concludes step 2 and the
proof is complete.
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Appendix B
Proof of Proposition 2. By contradiction. Assume that µ < 0. Let us denote s∗λ (resp.
rλ∗ ) the Pareto sharing rule for the agent (resp. principal) corresponding to parameter λ
and observe that by relationship (2), s∗λ and rλ∗ are increasing in x. Then, when µ < 0
relationship (4) guarantees that s∗∗ (x) ≤ s∗λ (x) on the set {x, fa (x | a) ≥ 0}, and
s∗∗ (x) > s∗λ (x) on the set {x, fa (x | a) < 0}. Set V ∗∗ (x) = G(r∗∗ (x)) and Vλ∗ (x) =
G(rλ∗ (x)). Consequently, we have
Z
Z
∗∗
V (x)fa (x | a) dx ≥
Vλ∗ (x)fa (x | a) dx.
(15)
X

X

Integrating by parts the RHS of inequality (15) implies
Z
Z
∗
Vλ (x)fa (x | a) dx = − (Vλ∗ )0 (x)Fa (x | a) dx,
X

(16)

X

since Fa (x | a) = Fa (x | a) = 0 for all a. Then, for µ < 0 by relationship (5), we have
R
V ∗∗ (x)fa (x | a) dx < 0, which implies that using relationship (15)
X
Z
(Vλ∗ )0 (x)Fa (x | a) dx > 0, for µ < 0.
X

We know that (Vλ∗ )0 (x) = G0 (rλ∗ (x)) (rλ∗ )0 (x) and G0 > 0. Then, differentiating with
respect to x relationship (2) and after rearranging terms we obtain that
(rλ∗ )0 (x) =

Au1 (rλ∗ (x))
> 0.
∗
Au1 (rλ∗ (x)) + AG
1 (sλ (x))

(17)

where Au1 and AG
1 denote the Arrow-Pratt absolute risk aversion coefficients of the agent
and principal respectively. Therefore, having established that (rλ∗ )0 (x) > 0, since G0 (rλ∗ (x)) >
R
0 and by FOSD we know that Fa (x | a) < 0, we conclude that X (Vλ∗ )0 (x)Fa (x | a) dx < 0,
which is a contradiction.

Appendix C
Proof of Proposition 3. The proof is similar the one provided for Proposition 2. We
normalize λ to 1 and to lighten the notation we drop subscript λ so that Vλ∗ = V ∗ and
R
rλ∗ = r∗ . Integrating by parts the expression − X (V ∗ )0 (x)Fa (x | a) dx we obtain
R
R
∗
V
(x)f
(x
|
a)
dx
=
−
(V ∗ )0 (x)Fa (x | a) dx =
a
X
X
x
R
(18)
−(V ∗ )0 (x)Fa2 (x | a) | + X (V ∗ )00 (x)Fa2 (x | a)dx.
x

Then, relationship (18) becomes
Z
Z
∗
∗ 0
2
V (x)fa (x | a) dx = −(V ) (x)Fa (x | a) + (V ∗ )00 (x)Fa2 (y | a) dx.
X

X
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(19)

The definition of SOSD ensures that Fa2 (x | a) ≤ 0 and Fa2 (· | a) ≤ 0, and given that
R
(V ∗ )0 (x) is positive, it is easy to see that a sufficient condition for X V ∗ (x)fa (x | a) dx ≥ 0
is (V ∗ )00 (x) ≤ 0 for all x ∈ X. Recall that V ∗ (x) = G(r∗ (x)), so differentiating twice with
respect to x leads to
2

(V ∗ )00 (x) = G00 (r∗ (x)) · [(r∗ )0 (x)] + G0 (r∗ (x)) · (r∗ )00 (x) .
Since [(r∗ )0 ]2 > 0, G0 > 0 and G00 < 0, (r∗ )00 (x) < 0 for all x ∈ X ensures that (V ∗ )00 < 0
on X.

Appendix D
Proof of Proposition 6. The proof relies on the Faà di Bruno formula9 (1857) that
states that for function V ∗ = G(r∗ (x)), for all n ≤ N we have:
∗ (n)

(V )

(x) =

X

b
n  ∗ (i)
Y
(r ) (x) i
n!
(j) ∗
G (r (x))
,
b1 !...bn !
i!
i=1

with bi ∈ N and
b1 + ... + bn = j
b1 + 2b2 ... + nbn = n.
Let assume for now that for all x ∈ X and all i ≤ N , (−1)i (r∗ )(i) (x) ≤ 0. It follows that
∗ (n)

(V )

bi
n 
Y
n!
(−1)i+1 (r∗ )(i) (x)
(j) ∗
i+1
(x) =
G (r (x))
(−1)
b1 !...bn !
i!
i=1
b n
n 
X n!
Y
(−1)i+1 (r∗ )(i) (x) i Y
(j) ∗
=
G (r (x))
[(−1)](i+1)bi
b1 !...bn !
i!
i=1
i=1


b
n
i
i+1
∗
(i)
X n!
Y (−1) (r ) (x)
=
G(j) (r∗ (x))
[(−1)]j+n ,
b1 !...bn !
i!
i=1
X

using the conditions on integers bi . Thus
∗ (n)

(V )

n

(x) = (−1)

X

b
n 
Y
n!
(−1)i+1 (r∗ )(i) (x) i
j (j) ∗
(−1) G (r (x))
.
b1 !...bn !
i!
i=1

Since by assumption (−1)i+1 (r∗ )(i) (x) ≥ 0 and (−1)j G(j) (r∗ (x)) ≤ 0 for all j ≤ N, we
deduce (−1)n (V ∗ )(n) (x) ≤ 0 for all x ∈ X.
9

The Faà di Bruno formula (1857) provides an explicit expression the derivative of order n of a
composite function and generalizes the chain rule.
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Appendix E
Proof of Lemma 1. The proof relies on the Ostrowski’s formula (1957). Define function
g = f −1 . By Ostrowski’s formula, we have
g

(n)


b
n
X (−1)j (n + j − 1)! Y
1 f (i) (g(x)) i
(x) =
,
(f 0 (g(x)))n+j i=2 bi !
i!

(20)

with bi ∈ N and
b2 + ... + bn = j
2b2 ... + nbn = n + j − 1.
Manipulating expression (20) leads to
g

as

n
P

(n)


b
n
Y
(−1)j
1 (−1)i f (i) (g(x)) i
(x) =
(n + j − 1)!
× (−1)ibi
(f 0 (g(x)))n+j
b
!
i!
i=2 i

b
n
X (−1)n−1
Y
1 (−1)i f (i) (g(x)) i
=
(n + j − 1)!
,
(f 0 (g(x)))n+j
b!
i!
i=2 i
X

ibi = n + j − 1. Since for all integers i ≥ 2, we have (−1)i f (i) (g(x)) > 0 and f 0 > 0,

i=2

we easily conclude that for all x ∈ R++ and all n ∈ N∗ , (−1)n+1 g (n) (x) > 0.

Appendix F
Proof of Proposition 7. The condition is necessary for n = 3. Then, note that from
(r(x))B = (x − r(x))A , we obtain that for all x ∈ R+
r(x)(1 + rα (x)) = x, with α =

B−A
∈ [0, 1] .
A

Next, we want that show that (−1)n r(n) (x) ≤ 0. Define auxiliary f with f (x) = x(1 + xα )
and note that
f 0 (x) = 1 + (1 + α)xα > 0
f 00 (x) = (1 + α)αxα−1 > 0,
and more generally for all integer n ≥ 2 since α ∈ [0, 1], we have
(−1)n f (n) (x) > 0.
Using the result from lemma 1 leads to the desired result.
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